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Thermodynamic quantities and those describing the source of gravitational fields
need not be identified. The standard approach is to identify them. If one does
not follow this way, one opens the possibility of describing, on the level of
phenomenology, the “average” of the quantum physical process behind the
creation of particles and entropy in a comoving volume. Different approaches
are briefly discussed. A variational principle with constraints modeling particle
and entropy creation is formulated and leads to higher-order gravity field
equations. They suggest on the level of phenomenology that the Minkowski
space-time could be unstable against vacuum fluctuations.

1. INTRODUCTION

The question of what the source of gravitation is has been a subject
of discussion as long as there has been a theory of gravitation. The standard
point of view is that in a relativistic theory of gravitation the source term
is given by the energy-momentum tensor of matter. But already here the
problem is that one can have different ideas about what matter is. Take,
for example, the scalar tensor theories of gravitation! There, roughly speak-
ing, the source of gravitation can be the energy-momentum tensor of
common matter and a tensor given by a scalar field. Now you can say matter
is the “sum” of “common” matter and a scalar field or matter is only
“common’” matter. In the latter case, it will happen that matter is created
or annihilated (Hoyle and Narlikar, 1963). The possibility that particles
could be created was also discussed by Dirac (1974). The same subject was
also discussed in Prigogine ef al. (1988) and Prigogine (1989). There, starting
point is the idea that thermodynamic quantities and those quantities describ-
ing the source of gravitation need not be identical.

No doubt, the elementary process of creating particles has to be the
subject of a model on the level of quantum field theory. [For those who,
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like the author, are not working on quantum field theory in curved space-
time, Fulling (1989) is an excellent reference.] Fulling (1989, p. 185) writes
“that the phenomenon of particle creation by the gravitational field should
be expected to disrupt the energy conservation law ...is unconvincing.”
And he refers to the creation of an electron-positron pair by external
electromagnetic fields that “does not violate the electromagnetic charge-
current conservation law.” However, one must admit that both the men-
tioned conservation laws are not upon the same footing. At least on the
level of classical physics, global quantities such as total energy and total
momentum are generally not well defined. But let us suppose the divergence
of the energy-momentum tensor operator is equal to zero on the level of
quantum field theory. Is it really a consequence then that the divergence
of an energy-momentum tensor describing the classical approximation (if
existing) is equal to zero, too? Perhaps there is the possibility that “particles™
with positive and negative energy such that the sum of both kinds of energy
is equal to zero are created and the “particles” with negative energy are
“pressed” into the vacuum. One could imagine that part of the vacuum is
a “sea” of black holes absorbing the negative-energy ‘“‘particles” via a
process similar to the Penrose process (Penrose, 1969). To describe the
remaining particles with positive energy, one had, at the level of a classical
approximation, only the possibility to suppose that the divergence of the
energy-momentum tensor is not equal to zero.

This idea is behind the final section of this paper. There, one result is
that the Minkowski space-time is probably unstable with respect to fluctu-
ations of a radiation field. In cosmology, it is argued sometimes that our
universe is the result of a quantum vacuum fluctuation. Perhaps the men-
tioned result reflects this suggestion on the level of a classical approximation.

Section 2 presents some general remarks on the problem and Section
3 offers a phenomenological basis for so-called higher-order gravity.

2. ON ADIABATIC TRANSFORMATIONS OF OPEN SYSTEMS

On the level of a phenomenological description of matter we can
distinguish thermodynamic and effective quantities, the latter determining,
by definition, the source of gravitation. Let us.consider, as an example, a
simple fluid defined by an equation of state such that the thermodynamic
energy density p is a given function of the particle number density n and
the entropy density s. This fluid is assumed to fill a homogeneous and
isotropic universe. We additionally assume that the space slices are flat.
Then the line element reads, in spherical coordinates,

ds® = dt* — a*(£)(dr*+ r*(de*+sin® 0 d¢?)) (1)
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Table I

Thermodynamic quantities Effective quantities Geometric quantities

effective energy density a scale factor
effective pressure H Hubble parameter

energy density

particle number density
pressure

entropy density
temperature

chemical potential
entropy per particle
change of heat
contained in a volume

p
P
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We have the sets of quantities shown in Table L
The question arises: How are these quantities related? They enter the
first law of thermodynamics,

d +
——Q+(pa3)'+3Hpa3—p p(na’)'=0 )]
dt n
Einstein’s equations
H’=25,  (5a)) +p(a’) =0 3)
and the second law of thermodynamics
(pa®) +p(a®) — T(sa®)' — u(na®) =0 (4)

The important point is that (na®)'#0 and (sa’)’#0 means creation or
annihilation of particles and entropy in a comoving volume because of the
fact that there is no flow into or out of a comoving volume element.

Now, there are different possibilities to relate the three types of
quantities.

1. Identification of thermodynamic and effective quantities. The con-
sequence of this identification is: no particle and no entropy creation
(annihilation is negative creation) in a comoving volume. Here one can
ask the question of whether this could be the root of some problems in
cosmology.

2a. ldentification of thermodynamic and effective energy density only.
This identification seems to be suggested by the weak equivalence principle.
Prigogine ef al. additionally assume that the universe is an adiabatically

closed but otherwise open system, meaning dQ =0, or
(sa®)" = so(na®)’ (5)
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Entropy creation is not independent of particle creation, but is determined
by the latter.

Taking into account that dQ =0, equations (2)-(4) allow us to express
the effective pressure j by thermodynamic quantities and those describing
the gravitational field. This relation is not written down here because later
we shall formulate all the relations using thermodynamic quantities only.

To close the system of equations, an additional relation is postulated
that shall model the particle creation out of the gravitational field:

(na®)' = aH?a® (6)

(a being a parameter greater than zero). The dynamics of a universe filled
with dust is ruled by

. M
H=—%H2+ﬂ‘6——~H (7)

(« is Einstein’s constant of gravitation and M is the rest mass of the particles
filling the universe). A consequence of this approach is the de Sitter universe
is the end of cosmic evolution. But this seems not to be the case realized
in nature and, therefore, creation of particles is switched off by hand at
some moment in time.

2b. Identification as before, but another ansatz for particle creation
(Kasper, 1990). Particle creation is modeled by

(na’y' =3LH’[5(1+38) -~ BL’H”](na’) (8)
(B and L parameters). The dynamics is ruled by
H=-3H[1-3(1+3B)LH+BL*H’] )

A consequence of this is the existence of a quasi-de Sitter stage of cosmic
evolution and a smooth approach to the Einstein-de Sitter expansion
without a switching off of the particle creation at some finite moment in time.

Turok (1988) has argued that there should have been a string-driven
inflation modeled by

(pa®y —L- apH? =0 (10)
wir

(a and B parameters of order 1, u string tension). But the relation between
“particle” number density n and energy density p and whether the system
is adiabatically closed and allows particle creation is not discussed [For
further remarks concerning this point see Kasper (1992)].
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3. PHENOMENOLOGICAL DESCRIPTION OF MATTER
AND HIGHER-ORDER GRAVITY

The general case is an entropy creation independent of particle creation
in a comoving volume. It offers also a possibility to consider so-called
higher-order gravity from the point of view of a phenomenological descrip-
tion of matter and gravitation (see the remarks at the end of the Introduc-
tion). If one wants to do more than model a homogeneous and isotropic
universe, one needs a more general approach than that discussed in Section
2. For this reason, we start from a variational principle and follow Bailyn
(1980). The variational principie reads

8 j’ {R—2kp —2x¢[(nu'),; — aR*T}(—det gy )/* d*x
Q
) J A[(su),; — BKR*](—det g;)"/* d*x
Q

+K6J n(guu'u® +1)(~det gz)"> d*x=0 (11)
O

R is the curvature scalar, det g; is the determinant of the metric fundamental
tensor g with the components g, k is Boltzmann’s constant, and a semicolon
means covariant derivative defined by the Levi-Civita connection given by
the metric g. The u’ are the components of the four-velocity of particles.

p shall be the energy density of a simple fluid and, therefore, a function
of the particle number density n and the entropy density s. Instead of p we
shall use the free energy density f given by f=p —sT. The origin of the
integrands in (11), except for R —2«p, are constraints. The first two model
the particle and entropy creation whose source is the *‘geometrical back-
ground” represented by the square of the curvature scalar (a and 8, not to
be confused with those in Section 2, are dimensionless parameters). Of
course, there are other “squared curvature terms,” but for simplicity only
R? is chosen. The square of R is chosen (1) so as not to introduce new
parameters having a dimension, (2) to end with field equations approaching
those of Einstein’s theory for weak curvature, and (3) last but not least
because the renormalization of the energy-momentum tensor of a quantized
field in curved space-time leads to such “squared” curvature terms (for
example, Fulling, 1989). ¢, A, and ¢ are Lagrange multipliers.

Let me stress the point once again the all of what follows is formulated
using thermodynamic quantities and not effective ones. For the motivation
of this kind of variational principle see the remarks at the end of the
Introduction.
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Variation is taken with respect to g, n, u', T, and. @, A, . With the
abbrevations E* and S™ for the components of the Einstein tensor and its
traceless part and z for (a¢ + BkA), the result is

A*=-E*—x(pg™ — ngu'u*)—k(ng ,+sr ,)u'g™

—4xkz8™ +4k(zR),m(g""g" —g™'g™) =0 (12)
B:=2«k [—a—f+(—T+)\,,-u") §§-+ qb,,-u’] =0 (13)
an an
Ci=2x(npu;+ ne ;+sr ;) =0 (14)
PN N

D.—ZK[ T (T A’iu)aT s] 0 (15)
(nu'),;=aR? (16)

(su’),; = BkR? (17)

guu'u* = —1 (18)

(A means derivative with respect to x*). Now, take into account that
df/6T =5 and 3f/on=(f+ p)/n, then this results in

y=LF (19)
n
Aui=T (20)
E*—k[(p+p)u‘u®+pg™]
+4kzRS™ — 4k (zR),,.(g™g" —g™g™) =0 (21)

The difference between equation (21) and the fourth-order gravity field
equation obtained if only R’ enters the Lagrange density in addition to the
usual terms is that we have in (21) zR instead of R only in the last two terms.

Finally, with the abbreviation A{ for 87+ u"y,, the combination B, —
(C/ n);ku" =0 leads to the equation of motion

(p+plusu” + pidf+ [(Suk);k —% (nuk);k] Ajr,=0 (22)

This system of field equations has some special properties: We do not get
rid of the Lagrange multipliers ¢ and A on the level of differential equations.
Their derivatives in the direction of the particle flow are related to thermody-
namic quantities such as temperature and chemical potential per particle.
Formally, we would obtain the Lagrange multipliers by integration along
the streamlines of particles. Then, the Einstein-like equation is an integral
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equation. The history of the physical system enters this equation. We can
always choose such initial conditions that ¢ and A are equal to zero on a
spacelike hypersurface. Near this hypersurface, (21) is then Einstein’s
equation with small corrections. But far away from this arbitrarily chosen
hypersurface, (21) is quite different from the Einstein equation. One of the
terms in (21) contains the second derivatives of the curvature scalar. There-
fore, (21) is, indeed, a fourth-order equation. It is the consequence of the
constraints modeling the creation of particles and entropy. The idea is that
such constraints could possibly reflect in a phenomenological way the
particle creation we meet in quantum field theory.

Let us now consider some aspects of a homogeneous and isotropic
world model with flat three-spaces. For this case, the field equations read
as follows:

H2=§p +12xHz(H +2H?) — 24xH[ z(H + 2H?)]' (23)

§=-L22=T (20
n

A=T (25)

n+3Hn=36a(H+2H?)? (26)

$+3Hs=36B8k(H+2H") (27)

(an overdot means time derivative). Now, let us suppose that n, s, T, p, and
p are constant. Then, the relation

H2=§p—f<(p+p) (28)

results. The de Sitter universe of Einstein’s theory with p = —p is a special
solution and, in general, a positive energy density asks for a negative
pressure, contrary to the result in Prigogine et al. (1988). The reason for
this seems to be that if one starts from the variational principle (11), also
the relation between H and p is changed, contrary to the situation in (3).
Let us finish this section by considering the universe filled with radiation.
Then,

p=aT?, n=>bT?  s=%aT’ (29)

(a and b are some constants). Because of the fact that the chemical potential
of radiation is equal to zero,

i=BkT (30)
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Finally,
4xHzR = ——H2+§ aT*+2x(AR —2H?)2R — 4xBKkTHR (31)
and
2 3, ¥ 2
T'T=-HI+_R (32)

The entropy density s and number density of photons n are such that
n/s =3b/4a and the constraint equations lead to 4a/3b = Bk/a.
For R =0, we obtain the radiation universe of Einstein’s theory. T =
H =R =0 and z an arbitrary constant are the singular line elements of the
system of differential equations. The line H(t)= R(¢t)=T(t)=0and z(¢) =
const is a solution and near this line there are initial conditions for which,
for example, T becomes arbitrarily large:
. a R?
T= HT+3b = (33)
(a/3b is greater than zero). This is a hint that the Minkowski space-time
is unstable. And it could be that we have obtained a model that gives a
phenomenological description of the transition from vacuum to a radiation
universe caused by vacuum fluctuations.
The system of field equations derived from the variational principle
(11) is rather complicated and shall be discussed more extensively elsewhere.

REFERENCES

Bailyn, M. (1980). Physical Review D, 22, 267-279.

Dirac, P. A. M. (1974). Proceedings of the Royal Society of London A, 338, 439-446.

Fulling, S. A. (1989). Aspects of Quantum Field Theory in Curved Space-Time, Cambridge
University Press, Cambridge.

Kasper, U. (1990). Nuovo Cimento B, 105, 711-716.

Kasper, U. (1992). Acta Cosmologica, in press.

Hoyle, F., and Narlikar, J. V. (1963). Proceedings of the Royal Society A, 273, 1-11.

Penrose, R. (1969). Nuovo Cimento, 1, 252.

Prigogine, 1. (1989). International Journal of Theoretical Physics, 28, 927-933.

Prigogine, 1., Geheniau, J., Gunzig, E., and Nardone, P. (1988). Proceedings of the National
Academy of Sciences USA, 85, 7428-7432.

Turok, N. (1988). Physical Review Letters, 60, 549-552.



